TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 299, Number 2, February 1987

ON THE THEORY OF FUNDAMENTAL NORMING BOUNDED
BIORTHOGONAL SYSTEMS IN BANACH SPACES

PAOLO TERENZI

ABSTRACT. Let X and Y be quasi complementary subspaces of a separable
Banach space B and let (25,) be a sequence complete in X. Then

(a) there exists a uniformly minimal norming M-basis (z) of X with z,, €
span(zn)n>q,, for every m, gm — oo;

(b) if (zn) is a uniformly minimal norming M-basis of X, there exists a
uniformly minimal norming M-basis of B which is an extension of (z);

(c) there exists a uniformly minimal norming M-basis (z»)U(yr) of B with
(zn) C X and (yn) C Y.

Introduction. The problem of the best complete sequence in a separable
Banach space appears already in Banach’s book [1]. The story of this problem
goes through the existence of the M-basis (Markushevich [7], 1943), the existence
of the norming M-basis (Mackey (6], 1946) and other intermediate results (Davis-
Johnson [2], 1973); it culminates with a negative answer to the basis problem
(Enflo (3], 1973) and with the existence of the uniformly minimal norming M-basis
(Ovsepian and Pelczynski (9], 1975; refined by Pelczynski [10], 1976).

The aim of this note is to study particular constructions of uniformly minimal
norming M-bases.

In this direction three types of questions appear:

(i) The regularization of a sequence (z,) of B with [z,] of infinite dimension;
indeed, by [9] there exists a uniformly minimal norming M-basis (z,) of [z,], but
without any connection with (z,) more than the spanned space is the same. If
(pn) is a sequence of positive integers let us say that (y,) is (pm)-ordered in (z,)
if ym € span(zn)n>p,, With pmi1 > pm for every m, moreover lim,, oo Prm = c0.

Then the following connection is possible.

THEOREM 1. For every (z,) in a Banach space, with [z,] of infinite dimension,
there exists a 1-norming uniformly minimal M-basis (2,,) of [zn], which is (pm)-
ordered in (x,,).

This construction is considered in §1.

(ii) The extension in a given direction: if () is a uniformly norming M-basic
sequence of a separable Banach space B, is it possible to extend (z,) to a uniformly
minimal norming M-basis of B? In particular is it possible to effect the extension
by adding elements of a subspace Y of B which is quasi complementary with [z,)?
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The next theorem answers the question:

THEOREM II. For every uniformly minimal norming sequence (z,) of a sep-
arable Banach space B there ezists (yn) so that (z,) U (yn) becomes a uniformly
minimal norming M -basis of B.

This construction is considered in §2; we show that in general it is not possible
the extension in the direction of a given subspace Y which is quasi complementary
to [z,]; but this becomes possible if we only consider norming M-basis sequences;
that is, if we do not require the uniformly minimal property.

We also consider the nonseparable case and on the way we give another very
simple proof of Sobczyk’s theorem.

(ili) The construction in given directions: if X and Y are quasi complementary
subspaces of a separable Banach space B, does there exist a uniformly minimal
norming M-basis (z,) U (y») of B, with (z,) C X and (y,) C Y? In particular,
with [z,] = X and [y,] =Y?

The next theorem answers the question:

THEOREM III. For every quast complementary subspace X andY of a separable
Banach space B there ezists a uniformly minimal 1-norming M-basis (x,) U (yn)

of B, with (z,,) C X and (y,) C Y.

This construction is considered in §3; we also see that it is not possible to improve
the theorem by setting [z,] = X or [y,] =Y.

We already studied questions (i) and (ii) in [17, 18 and 19]; here we only improve
and complete these results. Question (iii) is new and expresses the true contribution
of the note.

Notations, definitions and recalls. If U C B, X is subspace of B, F C B* (the
dual of B) we use the following standard notation: [U] = span(U), U+ = {f € B*;
f(z) =0 for every z in U}, F| = {z € B; f(z) =0 for every f in F}, S(X) = the
unit sphere of X = {z € X; ||z|| = 1}.

We say that (z,) is complete (or fundamental) in B if [z,] = B.

If (t,) is an increasing sequence of positive integers and to = 0 we say that (y,)
is

(a) a block sequence of (z,,) if ym € sp:cm(zn)ﬁl’":tm_l+1 for every m;

(b) a block perturbation of (z,,) if span(yn)i™, _ 41 = span(zn)qm, _ . for

every m. We say that the subspaces X1,..., X, of B are quast complementary if
X+ T Xn=B, XXt Xnoi ¥ Xnst + X = {0}
for1<n<m.

Now other standard definitions, which we give by means of elements of B* (in
parentheses we recall an intrinsic characterization). If (z,) C B and (f,) C B* we
say that

(¢) (zn, frn) is a biorthogonal system if fp,(2,) = Omn (Kronecker indices) for
every m and n (& (z,) is minimal, that is T,, & [Tp]ngm for every m). If (2, fn)
is biorthogonal with (z,) complete in B we say that (z,) is

(d) K-uniformly minimal where 0 < K < 1 if sup{||zn| - [|fnll; 1 £ n < 00} =
1/K (& inf{dist(zm/||zm]l; [Zn]nzm); 1 <m < 00} = K);

(e) an M-basis of B if [f,] is total on B, that is [f,]1 = {0}(& Mo _;[Tnln>m =
{0});
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(f) a K-norming M-basis of B if [fn] is K-norming on B, where 1 < K <
oo, that is if ||z|| < Ksup{|f(z); f € S([fn])} for every z in B (& |z| <
K sup{dist(z, [Tn|n>m); 1 < m < oo} for every z in B);

(g) abasisof Bif z =) oo | fn(z)zy, for every z in B (& there exists 1<K <o
so that || Y7 | anz.| < K| Z:*’f anty| for every sequence (a,)r*P of numbers).
About (f) we recall that, if z € B with [|z|| = 1 < K sup{dist(z [zn]n>m) 1<
m < oo}, then for every ¢ > 0 there exists a positive 1nteger m. and f. € B*
so that fo(z) = 1, [|fel < K +¢, [fe]r D [2nln>m. = MNn<1lfn], which imply
fe € span(fn)ns [22 p. 39, Theorem 3].

We say that (zn) is M-basic (basic) if it is an M-basis (basis) of [z,]; we also
say that (z,,) is uniformly minimal (norming M -basic) if it is K-uniformly minimal
(K-norming M-basic) for some K.

In what follows known theorems are enumerated by starred Roman figures. The
key to the proof of Ovsepian-Pelczynski theorem is the following property:

I* [9] (see also [5, p. 44 and 13, pp. 248-250]). If (zn, fn) is biorthogonal with
(IZng |l - | fri II) bounded for an infinite subsequence (ny) of (n), there exist two block
perturbations (yn) and (hy), of (z,) and (fr) respectively, so that (||ynl| [|hnll) s
bounded and (yn, hy) s biorthogonal.

About question (ii) of the introduction we recall

I1* (8] (see also [18, p. 172 and 13, p. 860]). If X and Y are quasi complementary
subspaces of a separable B and if (z,,) s an M-basis of X, there exists an M -basis
(zn) U (yn) of B with (y,) C Y.

It is not possible to improve Theorem II* by setting (y,] = Y [12, Corollary 3,
p. 186]; however this becomes possible under stronger conditions, indeed:

III* (12, p. 185, Theorem 3|. Let X and Y be quasi complementary subspaces
of a separable B and let (z,,) be an M-basis of X. Then there exists an M-basis
(yn) of Y s0 that (z,)U (yn) is an M-basis of B < there exists (f,) of Y1 so that
(Zn, fn) is biorthogonal.

About question (iii) of the introduction we recall

IV* [21] (see also [12, p. 187, Corollary 4] or [13, p. 235, Corollary 8.4]). If X
and Y are quasi complementary subspaces of a separable B there exists an M -basis
() U (yn) of B with (z,,) an M-basis of X and (y,) an M-basis of Y.

Moreover we use the following property of Krasnoselskii, Krein and Milman.

V* [4] (see also (11, p. 269]). If U and V are finite dimensional subspaces of
B, with dimension of V > dimension of U, V has an element x # 0 which 1s
“orthogonal” to U, that is dist(z,U) = ||z]|.

2. On the connection of a uniformly minimal norming M-basis to a
fixed sequence. In this section B is a Banach space, (z,,) is linearly independent
sequence in B, X = [z,]. We already proved [17, Theorem I] that

VI*. There ezists a minimal sequence (y,) of B which is (m)-ordered in (z,)
and complete in X.

First we remark that it is not possible to improve Theorem I by setting p,, = m
for every m, as in Theorem VI*; indeed

PROPOSITION 1. If (z,,) is minimal but not M-basic there does not exist an
M -basis (z,) of X which is (m)-ordered in (z,).
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PROOF. Let (z,, f») be biorthogonal, let (z,,) be complete in X and (m)-ordered
in (z,). It is sufficient to verify that f,,(z,) # 0 for every m; indeed in this case,
setting

f
glzﬁ;), Om = fm ) ( Efmzn n) for m > 1,

it follows that (zn,gn) is biorthogonal with [g,] = [f»], hence (z,,) cannot be an
M-basis of X if (z,) is not M-basic.

Obviously fi(21) # 0 since otherwise X = [z,] C [zn]n>2, hence suppose that
fm(zm) = 0 for m > 1. It would follow that [2,]n,>m C [zn]n>m; that is, since
[2n] = X = [zn)], [20)TZ + [Zn)nsm = X; while X/[Z,]n>m has dimension 77 since
(z,,) is minimal. This completes the proof of Proposition 1.

Now we pass to the proof of Theorem I. We shall use the following obvious fact.

(1) dist(vy, [va|mt_g + W) = dist(vy + W, [vn, + W]Ts)
for every (v,)™; of B and for every subspace W of B. We need two lemmas.

LEMMA 1. Let (x,) be minimal and let (e,,) be a sequence of numbers with
0 < e, < 1 for every n; then there exist (t,) C (n) and a block perturbation (y,) of
(z5) so that ||y:,.|| =1 and dist(yt,,, [Ynlnzt.) > 1 — €m for every m.

PROOF. We shall proceed by induction.

Let z; € S([zn)l,) so that dist(21, [Tn)n>1) > 1—€;. Hence dist(21, [Tn)n>t,) >
1 —¢;. Fix p > 1 and suppose we have (2,,)%,_; in B and (t,,),_, of increasing
natural numbers, with tg = 0, so that, for 1 < m < p,

(2) zm € S(znlme,  +1),  dist(zm, Xm) > 1 —&m
where X,, = [2,]577" + [Zn)nst,, if m > 1and X; = [Tp)nst, -
By Theorem V*, in the Banach space B/[Tn]n>2¢,+1 thege ixlist tp+1 > 2t,+1 and
. t
241, With 25, + [n]n>2t,+1 € span(zx + [In]">2tp+1)k=ptp+l’ so that

241 + [Znlns2t,+1ll = 1 =dist(zp ) + [Tnln>2t,+1, [Tk + [xn]n>2tp+1]§::1);

Zpi1 € [xn]:zp;tl,,ﬂv 1241 ]l < 1/(1—€py1). Therefore, setting zp11 = 254 1/l2p41ls
by (1) and (2) it follows that

. ¢
dist(2p+1, Xpt+1) = dist(2,4 1, [Tnlge1 + [Taln>tye)

lzp4ll +1|I

2

||z |ld1st( +1,[In]n 1+[In]n>2t,,+1)
p+1

i ] t
= -”z/—+l||d18t(2;+l + [ann>2tp+1, [.'l:k + [‘T"]n>2t,,+1]kp:1)
P

1

>1-¢ ;
241l p

that is we have (2) for p + 1 instead of p. So proceeding we construct (2,) and

(tm)-
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Fix m > 1 and consider the quotient space X/X,,, which by (2) has dimension
tm — tm—1; there exists (vmn)f{';{"t_ﬁl such that, by (2),
X/ Xm = [ + Xm]:;";tm_1+1 = [2m + Xon] + [Vmn + X :;m:,,l. 1+10
with (vmn)f{';::'_l“ C [xn]f{';tm_lﬂ and dist(zm + Xom, [Vmn + Xm :zm=?"1,_1+1) =
|zm + Xm||; therefore by (1) and (2)

dist(2m, [”mnliz';;,i_ﬁ-l + [xn]::;_ll + [Znlnst,) > 1 —€m.

It is now sufficient to set, for every m, y;, = zm, Yn = Umn for tn_1 +1 < n <
m — 1. Hence dist(yt,,, [Yn]n#t..) > 1 — €m. This completes the proof of Lemma 1.

LEMMA 2. There exists a 1-norming M-basis (z,) of X which is (pm)-ordered
n (zn), with pm > m/2 for every m.

PROOF. By Theorem VI* we can suppose (z,) minimal; moreover, since to be
norming is an intrinsic property of a sequence (see (f) in notation section) we can
suppose X = B; therefore there exists (f,,) U (l,) C B* so that

(3) (Zn, fr) is biorthogonal, [(f»)U (I)] is 1-norming on B = [z,,].

We proceed by induction. Set 2], = 2, and g, = f, for 1 <n < 3;if l; € [gn]3_,
we consider Iz, otherwise ((gn)3_,]1 ¢ [l1]1 [22, p. 39, Theorem 3]. Hence there
exists 2 of [(gn)3_;]1L with [;(2}) = 1; we set

3
ga =1l - Z 11(27,)gn

Fix m > 1 and suppose that (z},)i7", is in B and (g,)4™, is in B* so that
(21, gn)im  is biorthogonal,
(Zn)mr C lznlnZ1,  (Fa)2Z1 U (la)iey C lgnla?y

If foms1 € [gn]n 1 we consider fa,y2; otherwise [(gn)a™;]1 ¢ [foms1).L. Hence
there exists 2,1 € [(gn)a71]L With fom41(24m+1) = 1. Then we set

4)

am
gam+1 = fam+1 — E famt1(23)9n

We proceed in the same way for fam42 and ly,41, getting z4m+2, Zymt3 gam+2

gam+3. If Tmy1 € [25]4™F3 we con81der Tm+2; otherwise [(24)am 3L ¢ [2pyi]t.

Hence there exists gs(m+1) € [(25)am 1] With ga(m+1)(Tm+1) = 1. We set
4m+3
zfi(m+l) =Tm+1 — Z g‘n(xm-f-l)z;n
n=1

that is we have (4) for m + 1 instead of m.

So proceeding we construct (z;,) and (g,) with (2}, g) biorthogonal, so that (4)
is true for every m; hence by (3) (2}) is a 1-norming M-basis of X. It is known
(see for example [16, p. 175, Theorem X]) that there exist positive numbers (&,,)
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so that

(2n) C X with ||z, — 2}, || < €, for every n
imply that (z,) is a 1-norming M-basis of X.

Now (2},) C [z»] and by (4) fm(z}) = 0 for n > 2m for every m; therefore there
exists (2,) with 2, € span(z,)n>m/2 and ||z, — 2,|| < €, for every m; that is
(2n) is (pm )-ordered in (z,) with p,, > m/2 for every m. The proof of Lemma 2 is
complete.

PROOF OF THEOREM I. By Lemma 2 we can suppose (z,) is 1-norming M-
basic. By Lemma 1 there exist an increasing sequence (t,) of positive integers,
(hn) in B* and a block perturbation (y,) of (z,) so that (yn, h,) is biorthogonal,
with |jy, || = 1 and ||k, || < 2 for every n. Finally by Theorem I* there exists a
block perturbation (2,) of (y,) which is uniformly minimal; obviously (zy,) is still
a l-norming M-basis of X since it is a block perturbation of a block perturbation
of (z,,), hence it is also (py,)-ordered in (z,). The proof of Theorem I is complete.

2. On the extension of uniformly minimal norming M-bases. In this
section B is a Banach space and (z,) is a sequence in B with [z,,] = X. First we
consider the nonseparable case, where the problem of the extension does not have
a positive answer; indeed:

PROPOSITION 2. If (z,) ts a uniformly minimal sequence of B in general there
15 no (fn) tn B* such that (z,, fn) is biorthogonal, (||z,|| || f2ll) is bounded, [z,]+
[fn]L s dense in B.

PROOF. Suppose (z,) and (f,) are as in the proposition, in the particular case
of X = ¢ with (z,,) the natural basis of ¢g. Then it follows that cg is complemented
in B, since dist(S(X), [fn]1) > 1/K where ||z, - || fr]] < K < oo for every n. Now
it is known that cg is not complemented in every Banach space (see for example
(23, pp. 146 and 237]).

REMARK. Recall that Sobczyk’s theorem states ([14]; see also [20]; or (5, p.
106, Theorem 2.F.5]; or (23, p. 146]) that co is complemented in every separable
Banach space, with a projection of norm < 2; moreover this property characterizes
co among the separable Banach spaces [24]. Another simple proof of Sobczyk’s
theorem is as follows: Suppose X = ¢ with the natural basis (z,,) and B separable.
By Corollary 1 of [19] there exists for every € > 0 a sequence (f,) of B* such that
(Zn, frn) is biorthogonal and [z,] + [f»] . is dense in B, with || f,|| < 2 +¢ for every
n; it follows that dist(S(X), [fn]L) > 1/(2 + €).

We now consider the separable case.

About the extension in a given direction we already proved [19, Example] that
this is not possible for a uniformly minimal sequence; that is, it is not possible to
improve Theorem II by extending Theorem II*. However this becomes possible for
the norming property only. Indeed,

PROPOSITION 3. If X andY are quasi complementary subspaces of a separable
B and if (z,) is a K-norming M-basis of X there exists (yn) n Y such that
(zn) U (yn) becomes an H-norming M-basis of B, with H < 4K.

We now prove Proposition 3 and Theorem II. We need three lemmas.

LEMMA 3. If (yn)2_, U (zn) is minimal with 1 < p < oo and with (z,) K-
norming, then (yn)2_, U (z,) is H-norming with H < 4K.
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PROOF. If not there exist Z of S([yn]%_;+[zn]), @ > 0, and a block sequence (wy,)
of (z,,) so that, for every n, 4(K + a)|w, — Z|| < 1; hence, setting v, = wn/||wa,
we have that

[vn = wall = 1 = [lwall | = HIZ = lwall | < 17 — wall;
that is
(K 43)||Z —va|| < (K +3)||Z — wa | + (K +8)||wp —vall < 2(K +3)||Z—wn| < 1/2.
Therefore, for every m and n,
(K +3)l[vn — vnmll < (K +3)Z = vall + (K +B)|Z = vagmll <1 = [|val.
But this is impossible by hypothesis, since (z,) is K-norming (see (f) in definitions
section) which completes the proof of Lemma 3.

LEMMA 4. Let X and Y be quasi complementary subspaces of B with (n, fn)
biorthogonal and Y C [fn] .1, and let (Tn)n>r C ((gn)i—1]L where (gn)i_, C B* and
r,q are positive integers. Then there exist (y,)o_; CY and (hn)h_, C B* so that

(Tny fr) U (Yny he)E =y s biorthogonal, with (gn)i_; C span(fn)y—; +span(hn)h_;.

PROOF. Fix 1 <m < gq.
If we consider the restrictions of the functionals to X, since (zn)n>r C (gL,
we have that

[(fan)Z:l]J. = [zn]n>r C [gmlxh;
hence gm|x € span(fn|x)i_y, that is, gm = g0 + g with g € [fn]h—; and

g€ X1, Soif (hn)E_, is an algebraic basis of span(g,)7_,, we have that

(9n)i=y C span(fn)y—y +span(hn)h_y,  with (hn)hoy € X
Fix 1 <@ < p. Since (hy)2_, is linearly independent in X+ and X +Y = B, we
have that
hrly & span(hnly )} _y nsm that s (haly]L 2 (Aaly)noy npal Ly
hence there exists yn € Y so that ha(yz) = 1, yn € [(hn)h_jnxmlL. We pick
(yn)P_, which completes the proof of Lemma 4.

LEMMA 5. If X andY are quasi complementary subspaces of a separable B and
if (x5,) 15 a K-norming M-basis of X with (zn, fn) biorthogonal and Y C [fn]1,
there exists an H-norming M-basis () U (yn) of B with H < 4K and [y,] =Y.

PROOF. Let (7,,) be a sequence complete in Y. Fix an integer m > 1 and
suppose we have an increasing sequence of integers (pn),':‘z’ll, with p; = 1, an

integer pl,, > pm—1 and two sequences (yn)ﬁ,gl, (hn)ffgl so that
(Tn, fn)U (yn,hn)ff;l is biorthogonal with (yn)f;g 1 CY,
(5) dist(Tn, [yk]fm7?) < 1/2™71 for1<n<m-1;
[fn,hn]pigl is (4K +1/2™ !)-norming on [z,,yn|F™7".

The thesis will be proved if for (5) it is possible to proceed by induction; that is,
it is possible to have (5) for m = 2, moreover it is possible in (5) to pass from the
general m to m + 1. We can describe the induction by only one step, since the
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construction of (5) for m = 2 becomes a particular case of the general procedure,
if we use the convention that for m = 1 we mean the initial situation, where the

sequences (yn)ffgl and (hn)fl,'; , do not appear.
We now prove the existence of (5) for m + 1 instead of m. By (5) Y = [yn)fm, +
Y N [(hn)im 1] L; hence by Theorem IIT* and by hypothesis there exist (y, )™ o +1

in YN [(hn) n:l]L and (hy)P™ p, +1 10 B* so that (zn, fn)U (Yn, hn)Pm | is biorthog-
onal, dist(vn, [yk]iz;) < 1/2™ for 1 < n < m. By Lemma 3 (y,)07, U (z,)
is K,,-norming, with K,, < 4K; hence there exist a finite sequence (gmn)n=1
of B* and a positive integer 7, so that [gmn]y2, is (4K + 1/2™)-norming on
(@, ynlbmy, With (Zn)n>r. C [(gmn)pmq)L. By Lemma 4 there exist an integer

Pry1 = Max{Pm,Tm}, a sequence (yn)n 1 inY N [(hy)bm,]1 and (h )Z’Z;;H

in B*, so that (z,,, fn)U(yn, hn )p'"+l is biorthogonal, (gmn)n™; C span(fy, n)ﬁ’:i‘.
That is, we have (5) for m + 1 instead of m, which completes the proof of Lemma
5.

PROOF OF PROPOSITION 3. By Theorem II* there exists (f,) of B* such that
(Zn, fn) is biorthogonal, X + Y N [f,]. = B. Now it is sufficient to use Lemma 5,
for Y N [f»]L instead of Y.

For the proof of the next lemma we follow the procedure of the proof of Lemma
2 of [19].

LEMMA 6. If (Zn, fn) U (un,gn) ts biorthogonal, with (||z,] - || fnll) bounded,
there exist (2,) in B so that (z) U (2,) s uniformly minimal with z, = v, + wy
for every n, where (vy,) 1s a block sequence of (x,,) and (wy,) ts a block sequence of

PROOF OF THEOREM II. By hypothesis (z,) is a K-norming M-basis of X,
for 1 < K < oo; we suppose (z,) C S(X). Since (z,) is uniformly minimal,
by Corollary 1 of [19] there exists (fn) so that (zn, fn) is biorthogonal with (fn)
bounded and X + [f,]. dense in B. By Proposition 3 there exists (2n) so that
(zn) U (2,) is an H'-norming M-basis of B, with H' < 4K and (2,) C [fnlL. By
Lemma 6 there exists (2,,) of B such that (z,,)U(2y) is uniformly minimal, Hzn|| =1
and 2z, = v, + w, for every n, where (v,) is a block sequence of (z,) and (wy)
is a block sequence of (Z,). We point out that (z,) U (25) is a block perturbation
of a permutation of (z,) U (wy), which is a block sequence of (z,) U (Z,); hence
() U (2n) is H"”-norming M-basic, with H” < H'. Again we use Corollary 1 of
[19] and there exists (fn) U (gn) of B* such that (z,, fn) U (2n,gn) is biorthogonal,
(fn) U (gn) is bounded, [z,] + [zn] + [(fr) U (gn)].L is dense in B.

Since (z,,) U (25) is H”-norming M-basic, by Proposition 3 there exist (g,) and
(hy) so that (z,) U (2n) U (§in) is an H-norming M-basis of B, with H < 16K;
(Zn, fn) U (2n, gn) U (Un, h,) is biorthogonal. Finally by Theorem I* there exist two
block perturbations (y,) of (zx) U (§n) and (h,) of (gr) U (hy) so that (yn,hn)
is biorthogonal, with (||y»| - ||hn]|) bounded. That is, (z,) U (y») is a uniformly
minimal H-norming M-basis of B, which completes the proof of Theorem II.

3. On the construction of uniformly minimal norming M-bases in
given directions. In this section X and Y are quasi complementary subspaces of
a separable Banach space B. First some considerations and secondary properties.
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REMARK. About the extension of Theorem III to the decomposition of B into a
finite arbitrary number of quasi complementary subspaces we warn that, if X and
Y are quasi complementary subspaces of B and if X;, X5 are quasi complementary
subspaces of X, this does not imply that X;, X5 and Y are quasi complementary
subspaces of B, since it may be that X; C X3 +Y [15, p. 52, Theorem VI].

We already proved for uniformly minimal sequences [19, Example] that it is not
possible to improve Theorem III by setting [z,] = X or [y,] = Y. However, for the
norming property only there is a sufficient condition, analogous to Theorem III*.

PROPOSITION 4. The following conditions are equivalent:
(1) there exists a morming M-basis (z,) of X with (zn, fn) biorthogonal and

Y C [fn]JJ
(i) there exists a norming M -basis (z,)U(yn) of B with [z,] = X and [yn] =Y

This proposition follows from Lemma 5 of §2.

Moreover, if we come back to Theorem V*, it is well known that the theorem
becomes false if U and V have infinite dimension (see for example [11, pp. 271-
272]); let us strengthen this fact.

PROPOSITION 5. There exists a separable Banach space By with the following
property: for every € > 0 there are two quast complementary infinite dimensional
subspaces X and Y so that dist(y, X) < e for every y in S(Y).

In what follows, if U and V are subsets of B, we use the notation
dist(U,V) = inf{||u + v|;u € U and v € V'}.

LEMMA 7. Let U, V,W be quasi complementary subspaces of B, with U finite
and dist(S(V),S(W)) = 0; let (e,) be a sequence of numbers with 0 < &, < 1
for every n. Then there exist (mg) C (n), (va) C S(V) and (ws) C S(W) so0
that (v,) U (wy,) ts minimal and complete in V+W, |[vm, + wWm, || < €n and
dist(vpm,., U + [(vk) U (Wk)]km,. ) = 1 for every n.

PROOF. Let (Z,) be a sequence complete in V + W.

Fix an integer p > 1 and suppose we have increasing integers (m,)P_, with
my =1, (Vp, wn) ;" of B and (fn, hn)m®; - U (gn)2Z) of B*, so that

(Vny fn)m2 7 U (wn, b )2y ! is biorthogonal, with (v,)7?7 " € S(V),

(wp)? 7t € SW) and U C [(fn, ha)2 7 Y1
dist(Zn, U + [vr, welp 20 ") < 1/2°7L, |[om, + Wi, || < €n,

© gn(Vm,) = llgnll =1 and gn € [fm,,hm,] for 1 <n<p-1
Up+Vp+W, =B, whereU,=U + [vn,wn]n 1 ,
Vo=V O ((fasha)r2i'le and Wy =V 0 [(fa, ha)n27

Set

(7 M, = dimension of U, + 1 = dimension of U + 2m,, — 1.

The thesis will be proved if for (6) it is possible to proceed by induction; that is, if
it is possible to have (6) for p = 2, and, more generally, for p + 1. We can describe
the induction by only one step, since the construction of (6) for p = 2 becomes a
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particular case of the general procedure if we use the convention that for p = 1 we

mean the initial situation, where the sequences (vy,, wy )t ' (frshn)i?y ' (gn)2Z}

do not appear; hence in (6) and in (7) U, = U, V; =V, Wy = W and m; =
dimension of U + 1.
We now prove the existence of (6) for p + 1 instead of p. We claim that there

exist vpm,, Wm, of B and g, of B* so that
®) Vm, €S(Vp), wm, € SWp), |vm, +wm,l| <ep,
gp(vmp) =1= ng”, Up < [QP]L'

By hypothesis there exist (z,m)i‘_’__1 of B and (l,m)i”=1 of B* so that
(9)

zp1 € S(Vp) and zpn € S(Vp N [(Lpk)7Z1]1) for 1 < n < 7y,
where lyn(2pn) = 1 = ||lpn || and dist(2pn, Wp) < €,/(,2" 1) for 1 < n < 7.
By (7), (9) and by Theorem V* there exist v,,, and g, so that

(10)  Vm, =D apnzpn € S(B),  gp(vm,) = llgpll =1, U, C [gp]1-

n=1

We are going to prove that dist(vm,,Wp) < €,/4; then we set

n—1
gp1 =lp1 and  gpn = lpn — Z lon(2pk)gpie  for 1 < n < mp;
k=1
by (9) (z,m,g,m)zp=1 is biorthogonal, with ||gp1]| = ||lp1]| = 1 and ||gpn|l < 1+

S %21 lgpkll for 1 < m < 7p; hence [|gpn|| < 2771 for 1 < n < 7, since this is true
for n = 1, after by induction ||gpn| <1+ Ez;ll 2k=1 = 2n—1_ Therefore by (10)
|apn| = 1gpn (vm, )| < llgpnll < 2771 for 1 < n <7y
that is, by (9) and (10),
ﬁp
dist (vm,,, Wp) < D _ lapn|dist(zpn, Wp) <

n=1
This means that there exists wy,, in S(W,) such that, by (10), we have (8). By (8)
and by hypothesis we point out that

(11) |9p(wm,)| > 1 —¢, > 0.
We claim that there exist fm,,hm, in B* so that

¢
T

(Vm, s fm,) U (Wm,,, hm,) is biorthogonal with g, € span(fm,,, hm,)
(12)  and Up C [fm,,Pm,]1; moreover [Um,, wm,] + Vp N [fm,, Am,]L +
Wp 0 [fm,s Pm, )L is dense in V,, + Wp,.
It is sufficient to prove that there exists h,,, of B* so that
(13) hmp(wmp) = la [vmp] + UP - [hmp]—L’
[V Wi, + Vo N [gp, hm, ] +Wp N [gp, him,] 1 is dense in V, + Wp;

indeed setting fmn, = gp — gp(Wm,)hm, we have (12).
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We easily have (13) if wp, & Vp + W, N [gp]L; indeed in this case wy,, & Up +
Vp + W, N [gp] L because by (6) U, NV, + W, = {0}; hence there exists hm, so
that hm, (Wm,) =1, Up + V, + Wp N [gp] L C [Rm,] L. Therefore by (8) and (11) it
follows that

(wm, ] + Wp 0 [gp, i, L = [wm,] + Wp N [gp]L =Wy
and
[vmp] +Vp N {gp, A, |1 = [Vm,) + Vo N [gp]L = V3
that is (13) is proved.
Let us now prove (13) when

(14) Wr, € Vo +WpNlgp)L.
By (11) wm, & [gp]1; moreover by (6) and by hypothesis V,, N W, = {0}; hence

Wm, & [Um,] + Wp N [gp]L. On the other hand, by (6) U, NV, + W, = {0}; hence
W, & Up + [Um,] + Wp N [gp]L; therefore there exists h.,, so that

(15) hmﬁ(wmp) = 1’ UP + [vmp] + Wp n [gP]J- c [hmp]J-'
We claim that by (13) and (15) it is sufficient to verify that
(16) (Wi, ] + Vo N A, JL + Wp N [gp]L = [wm, ]+ Vp + Wp N [gp]u

Indeed by (15) Wy, N [gp, hm,]1 = Wp N [gp]1; moreover by (11) wp, & (gp)L and
by (8) wm, € Wy; hence [wpm,] + Wp N [gp]L = Wp. On the other hand, by (15)
Um, € Vp N [hm,]1; that is, by (8) [um,] + Vo N [gp, Am,]L = Vo N [hm, ] 1

By (14) and (15) there exist v, and wj, so that hm,(v,) = hm,(wm,) = 1
with v, € V,, and wm,, = v, + wy, with w, € Vp N [hm, |1 +WpN[gy]1, therefore
Vp = [vp]+VpN[hm, |1 and vy, € [wim,]+Vp N [Am,] 1 + Wp N [gp] 1, which completes
the proof of (16) and therefore of (12).

Set

Zp = Up+[vmp,wmp], VI; = Zp-}-Vpﬂ[fmp, hmp]_j_, WII, = Zp+Wpﬂ[fmp,hmp]J_;

by (6) and (12) V,/Z, and W, /Z, are quasi complementary subspaces of B/Z,.
Hence by Theorem IV* there exist (vp,,Wp,)n>m, of B and (Fpn, Hpn)n>m, of
(B/Zp)* so that (v, + Zp, Fon)n>m, U (Wpy + Zp, Hpn)n>m, is biorthogonal and
(Vpn + Zp)n>m, U (Wpp, + Zp)n>m, is an M-basis of B/Zp, with (vp,)n>m, C
Vo 0 [fmys hm, )L and (wp,)n>m, C WpN (fmpshm,]L. Since (Z,) is complete in
V + W there exists an integer mp11 > my so that by (1), setting v, = vy, and
Wy, = w;m for mp +1<n <mpyq — 1, it follows that

dist(Z,,U + [vk,wk]:;”f'_l) <1/2? for1<n<p.

In order to have (6) for p + 1 it is now sufficient to set, for mp; <n <myyq — 1,
fn(z) = Fpn(z + Zp) and hy(z) = Hpn(z + Zp) for every z of B; moreover

Up+1 = UP + [vn’wn]mp+l_17 VP+1 = Vp N [fn,h mp+1=1)

n=my nin=m,
Wp+1 = Wp N [f'na hn]?:”:rnlp—l'

This completes the proof of Lemma 7.
The next lemma provides the key for the proof of Theorem III.
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LEMMA 8. LetU,V,W be quasi complementary subspaces of B, with U of finite
dimension and dist(S(V), S(W)) = 0. Then for every € > 0 there exist v in S(V),
wy n S(W), a subspace Vi of V and a subspace Wy of W, with I, and g, in B*,
so that (’Ul,ll) U (wl,gl) 18 biorthogonal, U +V; + W C [ll,gl]J_, Hllu <1l+eg,
llgill < 1+¢, [vi,w1] + V1 +W; = B.

PROOF. By Theorem V* there exists vy in S(V') with dist(vy,U) = 1. We claim
that there exists {; in B* so that

(17) ll(U1)=1, ||l1||<1+€, UC[ll]J_, V+Wﬁ[l1]J_=V+W.
Let il € B* so that
(18) L) =1=|4l, Uclh..

IfV +W N [l]. =V +W the claim is already proved; otherwise there exists 1 so
that
(19) BbeSW), W=[@)+Wnl[lL, d¢V+Wnl]..
By Lemma 7 there exist sequences (9y), (v},), (Wn), (w),) of B and (f,) of B* so
that

(Un) U (v5,) U (Wy) U (w),) is minimal and complete in

Vﬂ[ll]L+Wﬁ[11]J_,~ 5

(20)  with (9,) N (v,) € S(V N [l1]1) and (bn) U (wh) € S(W N [I1]1);

[On + Wn|| < 1/47%,  fu(in) = 1= |fal,

U + [v1,®] + [(vp, wi) U (D, Wk )ktn] C [fn]L for every n.

If @ is a positive integer so that 1/2™ < ¢ set

(21) Up = Un + fu(On)l1(W)v1 /2" and w, = W, +w/2" for n > m;

Vo = [vp] + [0n]7y + [onlnsm and Wo = [wh] + [@n]7_; + [Walnsw.
We are going to prove that [v,] + Vy + W is dense in V +W. By (20) it follows
that

11m 2™ (v + wp) = hm (2"(un + W) + fn(vn)ll(w)m +W)=w— 11( Jv1;

indeed [|2" (9, + Wy )|l < 1/2" and fu(9n) = fn(Un + Wy) — 1 with |fr (D + @n)| <
1/4™, for every n. Therefore @ — I3 ()v; € [(Un)n>n U (Wn)n>w); hence by (20)
and (21) W U (Wn)n>n U (Un)n>m C [v1 U (Un, Wn)n>r); that is by (18)-(21) [1)1]
Vo+Wo =V +W. Set now

oo

llzil_ E 2(n)fn7

n=n+1

ol

for every n > @ by (18), (20) and (21) it follows that

li(vn) = (il_ i 112(13) fk> (f,nH(zl_ 5 zlz(kw) fk) (fn(ﬁ,;lll(w)vl>
k=mn+1 k=n+1

= — fn(On)1(0) /2" + fn (V)1 (@)I1(v1)/2" =0,
Li(wn) = l(w)/2n fn(wn) 1(w)/2" =0.
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Therefore by (18), (20), and (21) U + Vo + Wy C [l1]1, l1(v1) = 1; that is in order
to prove (17) it is sufficient to verify that ||l;]| < 1+ €. Indeed by (18), (19) and
(20) we have that

~ l w LW o 1 1
IR SR AL USRI S S A WP

n=n+1 n=1

This completes the proof of (17).

By Theorem V* there exists wy of S(W N [I1]1) with dist(wy,U + [v1]) = L,
hence, proceeding as for v; in (17), for U + [v1] instead of U, W N [l;]1 instead of
V, w; instead of v; and V N [l;], instead of W, there exists g; in B* such that

gi(w1) =1, |lgill <l+e, U+[v1] Clg]u,

Vol,glo+Wnlo =Vl +Wnll..

On the other hand by (17) [v1] +V N L]  +WNL]L =V +Wn L] =V +W,
moreover W N [I1]L = [w1] + W N [l1, g1]1; that is

vi] + [wi] +V Nl g + WAl g =V +W.

Therefore it is sufficient to set Vi3 = V N [l1,91]. and Wy = W N [l1,¢1]1; which
completes the proof of Lemma 8.

PROOF OF THEOREM III. If dist(S(X), S(Y)) > 0 the thesis is obvious, hence
suppose that dist(S(X), S(Y)) = 0. Our aim is to pick an increasing sequence (m,)
of positive integers, two sequences (v, ), (wy) of B and two sequences (I,,), (gn) of
B*, so that

(vn) U (wy) is a l-norming M-basis of B, with (v,) C S(X),
(22)  (wn) C S(Y); (vn,ln) U (wn,gn) is biorthogonal, with ||lm, | < 2
and ||gm, || < 2 for every n.

Let (@,) be a sequence complete in B.

Fix an integer p > 1 and suppose we have an increasing sequence (m,)h_, of
integers with my = 1, (vn,uh,)?’”’l_l of B, (I n,gn)m"_1 of B*, subspaces X,, Y, of

B and a finite subset HP~! of B*, so that

(vn,! )m”l—l U (Wn,y gn)m?] ~1 is biorthogonal, with

(va)?7' € S(X) and (w,,)'”v‘1 c S(V);

1L |l < 2, |lgm. || <2, dist(@n, [vi, wk|pry N < 172071
(23) for1<n<p-1,

X, +Y, C [(ln,gn)m"—IUHp‘l]l, X, C X,

Yo CY, [vn,wn|n? '+X,+Y,=B;

H"‘1 is (14 1/2°P~ 1)-normmg on [v,,,wn]:;’l_1

We shall have (22) if for (23) we can proceed by induction; that is if it is possible
to have (23) for p = 2 and p+ 1, with (vn)mﬁ;',{p C X, and (wp)nZii™! C Yp. We
can describe the induction by only one step, since the construction of (23) for p = 2
becomes a particular case of the general procedure if we use the convention that
for p = 1 we mean the initial situation, where the sequences (vn,wn,ln,gn)m"—1
and the set HP~! do not appear; hence X; = X and Y; =
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We now prove the existence of (23) for p+1 instead of p. By Lemma 8 there exist
vmp,wmp of B, subspaces V,,W, of B and lp,,,gm, of B*, so that (Vny ln)m? U
(Wnygn)n®, is biorthogonal, with vm, € S(Xp) and wp, € S(Yp); Vp C Xp,
Wy, C Yy, Vo + Wy + v, wp]0?y = B Vo + Wy C [lm,9m, L, lllm,ll < 2 and
llgm, |l < 2. Let H” be a finite subset of B* which is (1 + 1/2P)-norming on
[Vn, wn]m?,. Set

Zp = [vn, w0 +V, NHY + W, N HE.
There exist (vn):;’fmp+1 in §(V;) and (wn)n? my+1 10 S(Wp) so that (vn+Zp )n —

U (Wn + Zp)n2ym, 1 is an M-basis of B/Z,, [vn]nzmp+1 + [w,,]n:mp+1 +Z,=B.
Now we use Theorem II* twice, “in the direction” of V, N H, and afterwards
in the direction of W, N HY; then there will exist (vpn)n>m c S(V, N HY),

(Wpn)n>my C S(WpNHY), with (I )n mp+1U(lzm)n>m’ U(gn)n mp+1U(gpn)n>Tn"
in B* so that by (23) we have (vn)n=1 U (wn)n:1 U (v,m)n>m;, U (w,m)n>mg is an

M-basis of B, with (vn,ln)Tz”l U (Wn,gn)n?y U (Vpns lpn)n>ms, U (Wpn, Gpn)n>my
biorthogonal.

Since (@, ) is complete in B, there exists an integer mpy1 > m, so that, setting
Un = Upn form;,—i—lSngmp+1—1andwn=wpn formz+1§n§mp+1—1, it
follows that

dist(w,,, [vk,wk]m"“_l) <1/2° for1<n<p.
In order to have (23) for p + 1 it is sufficient to set I, = I, for my, <n < mpiq
and g, = gpn for m <n < Mpyr;

Xpi1 = [Opnlnzmpss © XN [(In,gn)nzi ™  UHP]L

and
Yoi1 = [Wpnln>m,,, Y N [(lmgn)mp]Ll UHP|,.
This completes the proof of (22).

Now it is sufficient to apply Theorem I* to (22) and we have that there exist two
block perturbations (z,,) and (yy) of (v,) and (wy), respectively, so that (z,)U(yn)
becomes uniformly minimal; on the other hand (z,) U (y») is still a 1-norming M-
basis of B; which completes the proof of Theorem III.

PROOF OF PROPOSITION 5. By the example of [19] there exists a Banach
space By with two quasi complementary infinite dimensional subspaces X and Y
so that

(24)  (2) C S(Y) implies that (z, + X) has a convergent subsequence.

Fix € > 0 and let (y,) be complete in Y. We claim that there exists an integer n.
so that

(25) dist(S([Yn)nsn. )y X + [Ynlney) < &

in this case the thesis will be verified for the subspaces X = X + [yn]ns; and
Ye = [Yn|n>n.. If (25) is not true there exists (ng) C (n) so that

dist(zi, X + [ys]7,) > € with zx € S([s]i>n,) for every k;

but this implies that (2 + X) cannot have a convergent subsequence, which con-
tradicts (24). This completes the proof of Proposition 5.
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